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A COMPLETE LIFT FOR SEMISPRAYS
IOAN BUCATARU AND MATIAS F. DAHL
Abstrat. In this paper, we dene a omplete lift for semisprays. If S is a
semispray on a manifold M , its omplete lift is a new semispray Sc on TM .
The motivation for this lift is two-fold: First, geodesis for Sc orrespond to
the Jaobi elds for S, and seond, this omplete lift generalizes and unies
previously known omplete lifts for Riemannian metris, ane onnetions,
and regular Lagrangians. When S is a spray, we prove that the projetive
geometry of Sc uniquely determines S. We also study how symmetries and
onstants of motions for S lift into symmetries and onstants of motions for
Sc.
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1. Introdution
Vertial and omplete lifts for geometri objets from the base manifold to its
tangent bundle have been studied in various ontexts by many researhers. These
lifts have been used to study various aspets of dierential geometry and its ap-
pliations: Jaobi elds in [38℄, stohasti Jaobi elds in [4℄, harmoniity in [31℄,
sympleti geometry in [34℄, symmetries and onstants of motion in [15℄. These lifts
were introdued by Yano and Kobayashi in [39℄, and for a detailed presentation we
refer to the book of Yano and Ishihara [38℄.
It is known that for a Riemannian metri on a manifold M its omplete lift is
a semi-Riemannian metri on TM , whose geodesis are Jaobi elds on M , [38℄.
This result has been extended by Casiaro and Franaviglia in [13℄, Núñez-Yépez
and Salas-Brito in [30℄ and Delgado et al. in [17℄. In these papers, the authors
show that if a system of seond order dierential equations (SODE) an be written
as a variational problem, then the orresponding system of Jaobi equations an
also be written as a variational problem. For the homogeneous ase, Mihor [28℄
showed that one an lift a spray into a vetor eld whose integral urves projet to
the Jaobi elds of the given spray. This lifted vetor eld, whih is not a spray,
was also studied by Lewis in [26℄ and alled the tangent lift. For the ane ase,
Lewis has also shown how to modify this lift to preserve sprays, [26℄.
The main goal of this paper is to generalize and unify the above lifts into a
omplete lift for semisprays. Therefore, we will start with a semispray S, whose
geodesis are determined by a system of SODE, dene its omplete lift, Sc, and
study its geodesis. In Theorem 4.4 we prove that the omplete lift Sc of a semispray
S is again a semispray and the geodesis of Sc are Jaobi elds of S. In other words,
we show that the system of geodesi equations of a semispray and the orresponding
system of Jaobi equations are related by the omplete lift. In Setion 4.3 we
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show how this omplete lift ontains as speial ases the omplete lift for a semi-
Riemannian metri [39℄, an ane onnetion [26, 39℄, and a regular Lagrangian
[13, 17, 30℄. In Theorem 4.4 we also prove that any Jaobi eld on a ompat
interval an be obtained from a geodesi variation. This result is well known in the
Riemann-Finsler ontext, [5, 11, 35℄, where the proof is based on the exponential
map. For the general ase of a semispray, the exponential map annot be dened,
due to the lak of homogeneity. We prove the orrespondene between Jaobi elds
and geodesi variations of a semispray by using the geodesi ow of Sc, that is by
studying integral urves of Sc in the seond order iterated tangent bundle TTM .
The omplete and vertial lifts for geometri objets from a manifold M to its
tangent bundle TM are well known. However, to lift a semispray we need to lift
objets from TM to the seond iterated tangent bundle TTM . Sine TTM has
two vetor bundle strutures over TM , there are two ways to dene suh lifts. The
lifting proess in this paper has the important feature that it preserves important
geometri objets; semi-Riemannian metris, regular Lagrangians, homogeneous
funtions and vetor elds, semisprays and sprays are all preserved. To avoid
studying separately the vertial and omplete lifts from M to TM , from TM to
TTM , and so on, we introdue in Setion 3 a unifying lifting proess from T rM to
T r+1M , for any r ≥ 0. For r = 0, this redues to the vertial and omplete lifts for
geometri objets from M to TM , as dened by Yano and Kobayashi [39℄.
For a spray, the geodesis, up to orientation preserving reparameterizations,
uniquely determine the projetive lass of a spray but not the spray itself, [16, 18, 27,
36℄. For example, in a subset of the plane, the Eulidean, Funk and Hilbert metris
all have straight lines as geodesis, but with possibly dierent parameterizations,
[36℄. The main result of Setion 5 is Theorem 5.6. It shows that the projetive lass
of Sc uniquely determines S. That is, if sprays S1 and S2 have the same Jaobi
elds, up to orientation preserving reparameterizations, then S1 = S2.
In the last setion of the paper we use the omplete lift to study symmetries and
onstants of motion of the system of Jaobi equations in terms of the symmetries
and onstants of motion of the geodesi equations of a given semispray. We prove
that the vertial and omplete lifts for a onstant of motion (or symmetry) of
a system of geodesis equations are onstants of motion (or symmetries) for the
orresponding system of Jaobi equations. This way, we generalize known results
for Jaobi elds from Riemannian geometry, [11℄. In the Lagrangian ontext, it
follows that the onstant of motion onsidered by Núñez-Yépez and Salas-Brito
in [30℄ for the system of Jaobi equations is the omplete lift of the Lagrangian
funtion. Also, the symmetries onsidered by Arizmendi et al. in [3℄ for the system
of Jaobi equations an be obtained by taking the omplete lift of symmetries of
Euler-Lagrange equations. In the Hamiltonian ontext, onstants of motions for
the variational equations of a given Hamiltonian system have been studied by Case
in [10℄ and Giahetta et al. in [20℄.
2. Higher order iterated tangent bundle
We start with a real, C∞-smooth, n-dimensional manifold M . By (TM, pi0,M)
we denote its rst order tangent bundle. Every oordinate hart (U, (xi)) on M
indues a oordinate hart (pi−10 (U), (x
i, yi)) on TM . For r ≥ 1, we will denote
by (T rM,pir−1, T
r−1M) the rth order iterated tangent bundle. Let us also denote
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T 0M =M . For r ∈ {2, 3}, the indued loal oordinates on TTM and TTTM will
be denoted by (x, y,X, Y ) and (x, y,X, Y, u, v, U, V ), respetively.
For a manifold N , we denote by C∞(N) the set of smooth real funtions on
N , and by X(N) the set of smooth vetor elds on N . Throughout the paper, all
objets will be assumed to be smooth.
For r ≥ 1, the slashed tangent bundles T rM \ {0} are open subsets in T rM
dened as follows. For r = 1,
TM \ {0} = {(x, y) ∈ TM, y 6= 0},
and for r ≥ 2,
T rM \ {0} = {ξ ∈ T rM,DpiT r−1M→M (ξ) ∈ TM \ {0}}.
It follows that the slashed tangent bundles are preserved by the tangent map of the
anonial submersions. That is, for r ≥ 2, Dpir−2 (T
rM \ {0}) = T r−1M \{0}. For
r = 2 we have expliitly
TTM \ {0} = {(x, y,X, Y ) ∈ TTM,X 6= 0},
and Dpi0 (TTM \ {0}) = TM \ {0}.
For r ≥ 2, k ≥ 1, and a map c : (−ε, ε)k → T rM ,
(
t1, ..., tk
)
7→ c
(
t1, ..., tk
)
=(
xi
(
t1, ..., tk
))
, we dene the derivative of c with respet to the variable tj as the
map ∂tjc : (−ε, ε)
k → T r+1M dened by ∂tjc =
(
xi, ∂xi/∂tj
)
. When k = 1 we also
write c′ = ∂tc.
For r ≥ 0, a urve c : I → T rM is said to be a regular urve if c′(t) ∈ T r+1M \{0}
for all t in I, where I ⊂ R is an open interval. For a regular urve c : I → T rM ,
we have that c′ : I → T r+1M (for r ≥ 0) and pir−1 ◦ c : I → T
r−1M (for r ≥ 1) are
also regular urves.
For r ≥ 2, the rth iterated tangent bundle possesses at least two dierent vetor
bundle strutures over T r−1M . One is given by the anonial projetion pir−1 :
T rM −→ T r−1M and another one is given by the projetion Dpir−2 : T
rM −→
T r−1M . The involution map κr, interhanges these two vetor bundle strutures
of T rM .
Denition 2.1. For r ≥ 2, the involution map κr, is the unique dieomorphism
κr : T
rM −→ T rM that satises ∂t∂sc(t, s) = κr∂s∂tc(t, s), for any map c :
(−ε, ε)2 −→ T r−2M . For r = 1, we dene κ1 = idTM .
It follows immediately that κr is an involution, whih means that κ
2
r = idT rM .
Moreover, κr : (T
rM,pir−1, T
r−1M) → (T rM,Dpir−2, T
r−1M) is an isomorphism
of vetor bundles. Hene, the following diagram is ommutative.
T rM oo
κr // T rM
Dpir−2
}}{{
{{
{{
{{
{{
{{
T r−1M
!!
pir−1
DDDDDDDDDDD
In loal oordinates, involution maps κ2 : TTM −→ TTM and κ3 : TTTM −→
TTTM are given by
κ2(x, y,X, Y ) = (x,X, y, Y ),
κ3(x, y,X, Y, u, v, U, V ) = (x, y, u, v,X, Y, U, V ).
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For r ≥ 2, we have the identities
pir ◦Dκr = κr ◦ pir,(1)
Dpir−2 = pir−1 ◦ κr,(2)
DDpir−2 ◦ κr+1 = κr ◦DDpir−2.(3)
Further properties of involution maps κ2, κ3, and so on, are presented in [7℄. For a
disussion about κ2 and the two vetor bundle strutures of TTM see [6, 22, 29℄.
The notion of a double vetor bundle struture was introdued by Pradines in
[33℄. In [21℄, Koniezna and Urba«ski have shown that the framework of double
vetor bundles is suitable for onepts suh as vertial and omplete lifts, linear
onnetions, and Poisson and sympleti strutures.
3. Vertial and omplete lifts
The vertial and omplete lifts for geometri objets from a base manifold to its
tangent bundle has been introdued by Yano and Kobayashi in [39℄ and studied by
numerous geometers in various settings, see [4, 31, 32, 34, 38℄. The lifts from T rM
to T r+1M , studied in this paper, are motivated by the following aspets. For r = 0,
we reover the usual vertial and omplete lifts, [39℄. For r = 1, the omplete lift
oinides with the omplete lift for a geodesi spray, introdued by Lewis [26℄. For
r ≥ 1, the omplete lift preserves important geometri objets: regular Lagrangians,
homogeneous funtions and vetor elds, semisprays and sprays.
3.1. Vertial and omplete lifts for funtions.
Denition 3.1. Let f ∈ C∞(T rM), for some r ≥ 0. Then, the vertial lift of f is
the funtion fv ∈ C∞(T r+1M), dened by
fv (ξ) = (f ◦ pir ◦ κr+1) (ξ) , ∀ξ ∈ T
r+1M,(4)
and the omplete lift of f is the funtion f c ∈ C∞(T r+1M), dened by
f c (ξ) = df (κr+1 (ξ)) , ∀ξ ∈ T
r+1M.(5)
For r = 0, formulae (4) and (5) oinide with the usual vertial and omplete
lift of a funtion f ∈ C∞(M), [39℄.
For r ≥ 1, identity (2), implies that the vertial lift of a funtion f ∈ C∞(T rM)
an be expressed as follows: fv = f ◦Dpir−1.
For r = 1, we have that for f ∈ C∞(TM), the vertial and omplete lifts
fv, f c ∈ C∞(TTM) have the following expressions in loal oordinates:
fv(x, y,X, Y ) = f(x,X),(6)
f c(x, y,X, Y ) =
∂f
∂xi
(x,X)yi +
∂f
∂yi
(x,X)Y i.(7)
Remark 3.2. The vertial and omplete lifts also generalize to funtions dened on
a slashed tangent bundle. If f ∈ C∞ (T rM \ {0}), for some r ≥ 1, then equations
(4) and (5) dene lifts fv, f c and one an prove that fv, f c ∈ C∞
(
T r+1M \ {0}
)
.
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3.2. Complete lift for Lagrangians. We show now that the omplete lift for
funtions preserves regular Lagrangians and ontains as a speial ase the omplete
lift for semi-Riemannian metris introdued by Yano and Kobayashi [39℄. Consider
L ∈ C∞ (TM) a regular Lagrangian, whih means that the Hessian of L,
(8) gij(x, y) =
1
2
∂2L
∂yi∂yj
(x, y),
with respet to the bre oordinates y, has maximal rank n on TM , [1, 24℄. A-
ording to equation (7), the omplete lift for a regular Lagrangian L is given by the
following formula
(9) Lc(x, y,X, Y ) =
∂L
∂xi
(x,X)yi +
∂L
∂yi
(x,X)Y i.
It follows that the Hessian of Lc ∈ C∞(TTM), with respet to the bre oordinates
X,Y is given by the following matrix
(10)
(
(gij)
c
(gij)
v
(gij)
v
0
)
,
whih has rank 2n. Therefore, Lc is a regular Lagrangian. From its loal expres-
sion (9) it follows that Lc oinides with the rst-order deformed Lagrangian L1
introdued and studied by Casiaro et al. in [12℄ and Casiaro and Franaviglia
in [13℄. Also the omplete lift Lc oinides with the Lagrangian γ onsidered by
Núñez-Yépez and Salas-Brito in [30℄ and Delgado et al. in [17℄.
Consider now the partiular ase, when the regular LagrangianLg(x, y) = gx(y, y)
is indued by a semi-Riemannian metri g. By formula (9) we have
(11) (Lg)
c (x, y,X, Y ) =
∂gij
∂xk
ykX iXj + 2gij(x)X
iY j = gc(x,y) ((X,Y ), (X,Y )) .
For the last equality in formula (11) we used the omponents of the omplete lift
gc of a semi-Riemannian metri g = (gij), dened by Yano and Kobayashi [39℄
(12) gc =
(
∂gij
∂xk
yk gij
gij 0
)
.
Formula (11) an be written as follows:
(13) (Lg)
c = Lgc ,
and expresses the ompatibility between the omplete lift (Lg)
c
, of the regular
Lagrangian Lg and the omplete lift g
c
of the semi-Riemannian metri g.
3.3. Vertial and omplete lifts for vetor elds.
Denition 3.3. For r ≥ 0, the vertial lift of a vetor eld A ∈ X(T rM) is the
vetor eld Av ∈ X(T r+1M), dened by
(14) Av(ξ) = Dκr+1 ◦ ∂s (κr+1(ξ) + sA ◦ pir ◦ κr+1(ξ))|s=0 , ξ ∈ T
r+1M.
Identity (1) shows that pir+1 ◦A
v = idT r+1M , so A
v
is a vetor eld.
For r = 0, Denition 3.3 redues to the usual denition of the vertial lift
[1, 26, 39℄.
For r = 1 and a vetor eld A ∈ X(TM), with loal expression
A =
(
x, y, Ai, Bi
)
= Ai(x, y)
∂
∂xi
+Bi(x, y)
∂
∂yi
,(15)
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its vertial lift Av ∈ X(TTM) is given by
Av =
(
x, y,X, Y, 0, (Ai)v, 0, (Bi)v
)
=
(
Ai
)v ∂
∂yi
+
(
Bi
)v ∂
∂Y i
.(16)
Denition 3.4. For r ≥ 0, the omplete lift of a vetor eld A ∈ X(T rM) is the
vetor eld Ac ∈ X(T r+1M), dened by
(17) Ac = Dκr+1 ◦ κr+2 ◦DA ◦ κr+1.
Identities (1) and (2) show that pir+1 ◦A
c = idT r+1M , so A
c
is a vetor eld.
For r = 0, formula (17) oinides with the usual omplete lift for a vetor eld
A ∈ X(M), [39℄.
For r = 1, formula (17) was also onsider by Lewis in [26℄ to lift an ane spray
from TM to TTM . For r = 1 and the vetor eld A ∈ X(TM), loally given by
formula (15), its omplete lift Ac ∈ X(TTM) is given by
Ac =
(
x, y,X, Y, (Ai)v, (Ai)c, (Bi)v, (Bi)c
)
=
(
Ai
)v ∂
∂xi
+
(
Ai
)c ∂
∂yi
+
(
Bi
)v ∂
∂X i
+
(
Bi
)c ∂
∂Y i
.(18)
Remark 3.5. The vertial and omplete lifts also generalize to vetor elds dened
on a slashed tangent bundle. If A ∈ X (T rM \ {0}), for some r ≥ 1, then equations
(14) and (17) dene lifts Av, Ac and one an prove that Av, Ac ∈ X
(
T r+1M \ {0}
)
.
The vertial and omplete lifts dened in this setion have similar properties as
the orresponding lifts studied by Yano and Ishihara in [38℄, for r = 0. For r ≥ 0,
f, g ∈ C∞(T rM), and A,B ∈ X(T rM) we have the following formulae:
(fg)v = fvgv, (fg)c = fvgc + f cgv;(19)
[Ac, Bc] = [A,B]c, [Ac, Bv] = [A,B]v, [Av, Bv] = 0;(20)
(fA)c = f cAv + fvAc, (fA)v = fvAv;(21)
(Af)c = Acf c, (Af)v = Acfv = Avf c, Avfv = 0.(22)
The vertial and omplete lifts introdued in this setions an be extended to
one-forms and tensors on T rM , by requiring that the lifts are ompatible with the
tensor ontration. These lifts generalize the ase r = 0, studied by Yano and
Ishihara in [38℄.
3.4. Lifts for vetor elds and their ows. For r ≥ 0 and a vetor eld A ∈
X (T rM), onsider its ow φ : D(A)→ T rM , where D(A) is the maximal domain.
Then D(A) is an open set in T rM ×R, [1℄. For ξ ∈ T rM , let φξ : I(ξ)→ T
rM be
the integral urve of A suh that φξ(0) = ξ and domain I(ξ) ⊂ R is maximal.
Theorem 3.6. For r ≥ 0, onsider a vetor eld A ∈ X (T rM) and its omplete
lift Ac ∈ X
(
T r+1M
)
. Suppose that
φ : D(A)→ T rM, φc : D(Ac)→ T r+1M,
are the ows of A and Ac, respetively, with domains
D(A) ⊂ T rM × R, D(Ac) ⊂ T r+1M × R.
Then,
(pir ◦ κr+1 × idR)D(A
c) = D(A)(23)
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and
φct(ξ) = κr+1 ◦Dφt ◦ κr+1(ξ), (ξ, t) ∈ D(A
c),(24)
where Dφt is the tangent map of the map ξ 7→ φt(ξ), for a xed t.
Proof. To prove inlusion ⊂ in (23) we start with an integral urve of Ac and
show that it projets into an integral urve of A. If (ξ0, t0) ∈ D(A
c), then φcξ0 :
I(ξ0) → T
r+1M is an integral urve of vetor Ac. Using formula (17), identity (2)
and the ommutation rule pir+1 ◦DA = A ◦ pir we obtain
D (pir ◦ κr+1) ◦A
c = A ◦ (pir ◦ κr+1) .
It follows that pir ◦ κr+1 ◦ φ
c
ξ0
is an integral urve of A dened on I(ξ0). Therefore
(pir ◦ κr+1(ξ0), t0) ∈ D(A) and inlusion ⊂ in (23) follows.
To prove inlusion ⊃ in (23) and formula (24) we start with an integral
urve of A and show that it an be lifted into an integral urve of Ac. Let
(pir ◦ κr+1(ξ0), t0) ∈ D(A), for some ξ0 ∈ T
r+1M . Then φpir◦κr+1(ξ0) : I(pir ◦
κr+1(ξ0))→ T
rM is an integral urve of vetor eld A. For eah t ∈ I(pir◦κr+1(ξ0)),
onsider
γ(t) = κr+1 ◦Dφt ◦ κr+1(ξ0).(25)
We will prove now that γ is well dened and smooth on I(pir ◦κr+1(ξ0)), γ(0) = ξ0,
and that γ is an integral urve of Ac.
Sine D(A) is open in T rM ×R, for any (pir ◦ κr+1(ξ0), t) ∈ D(A) there exists a
neighborhood U ⊂ T rM of pir◦κr+1(ξ0) and a neighborhood I ⊂ I(pir◦κr+1(ξ)) ⊂ R
of t suh that U × I ⊂ D(A). For vetor κr+1(ξ0) ∈ Tpir◦κr+1(ξ0)U , we an nd a
smooth urve v : (−ε, ε)→ U suh that v(0) = pir ◦κr+1(ξ0) and κr+1(ξ0) = ∂sv(0).
It follows that φ(v(s), τ) is well dened and smooth on the open neighborhood
(−ε, ε)× I of {0} × {t}. Therefore, for all t in I(pir ◦ κr+1(ξ0))
γ(t) = κr+1 ◦ ∂sφ(v(s), τ)|s=0,τ=t,(26)
and hene urve γ is well dened and smooth on I(pir ◦ κr+1(ξ0)). Setting t = 0 in
equation (25), and using φ0 = idT rM we have that γ(0) = ξ0. By formula (26) we
have that
(Ac ◦ γ)(t) = Dκr+1 ◦ κr+2 ◦DA ◦Dφt ◦ κr+1(ξ)
= Dκr+1 ◦ κr+2 ◦ ∂s (A ◦ φ(v(s), τ)) |s=0,τ=t
= Dκr+1 ◦ κr+2 ◦ ∂s∂τφ(v(s), τ)|s=0,τ=t
= Dκr+1 ◦ ∂τ∂sφ(v(s), τ)|s=0,τ=t
= Dκr+1 ◦ ∂τ (φτ ◦ κr+1(ξ0)) |τ=t
= Dκr+1 ◦ ∂τ (κr+1 ◦ γ) (τ)|τ=t
= γ′(t).
In the above alulations we used that A ◦ φτ = ∂τφτ and the denitions of κr+2
and γ. The last equality follows sine Dκr+1 ◦ ∂τγ = ∂τκr+1(γ).
We have shown that γ is an integral urve of Ac dened on I(pir ◦κr+1(ξ0)), suh
that γ(0) = ξ0. Therefore, (ξ0, t0) ∈ D(A
c), whih implies that (pir ◦κr+1(ξ0), t0) ∈
(pir ◦ κr+1 × idR)D(A
c) and inlusion ⊃ in (23) is true. It also follows that for-
mula (24) is true. 
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From formula (23) we have that D(Ac) = T r+1M × R if and only if D(A) =
T rM × R. That is, vetor eld A ∈ X (T rM) is omplete if and only if Ac ∈
X
(
T r+1M
)
is omplete.
4. Semisprays and their omplete lift
The geometry of a system of seond order dierential equations have been initi-
ated in the rst half of the last entury through the work of Douglas [18℄, Cartan
[9℄, Chern [14℄, Kosambi [23℄, and others. Suh a system of SODE on M an be
represented using a semispray, whih is a speial vetor eld on the phase spae
TM . For a semispray, its geodesis are dened as projetions ontoM of its integral
urves in TM . In this setion we prove that the omplete lift for a semispray S on
M is a semispray Sc on TM , and show how geodesis of Sc are related to Jaobi
elds of S.
4.1. Semisprays and their geodesis.
Denition 4.1. For r ≥ 1, a semispray S on T r−1M is a vetor eld S ∈
X (T rM \ {0}) suh that κr+1 ◦ S = S.
From the denition, we see that a semispray on T r−1M is a setion for both
bundle strutures over T rM . This an equivalently be written as follows: a vetor
eld S ∈ X (T rM \ {0}) is a semispray on T r−1M if and only if Dpir−1 ◦ S =
idT rM\{0}.
For r = 1, Denition 4.1 redues to the usual denition of a semispray, [8℄. In
loal oordinates (x, y), a semispray S on M has the form
S =
(
xi, yi, yi,−2Gi(x, y)
)
= yi
∂
∂xi
− 2Gi(x, y)
∂
∂yi
,(27)
for some funtions Gi dened on the domain of the onsidered indued hart on
TM \ {0}.
In loal oordinates (x, y,X, Y ), a semispray S on TM has the form
S =
(
xi, yi, X i, Y i, X i, Y i,−2Gi(x, y,X, Y ),−2Hi(x, y,X, Y )
)
= X i
∂
∂xi
+ Y i
∂
∂yi
− 2Gi(x, y,X, Y )
∂
∂X i
− 2Hi(x, y,X, Y )
∂
∂Y i
,(28)
for some funtions Gi, Hi dened on the domain of the onsidered indued hart
on TTM \ {0}.
Denition 4.2. For r ≥ 1, a geodesi for a semispray S on T r−1M , is a regular
urve c : I → T r−1M suh that c′′ = S(c′), and I ⊂ R is the maximal domain.
From formula (27) we see that a regular urve c : I → M , c(t) = (xi(t)), is
a geodesi for a semispray S on M if and only if it loally satises the following
system of seond order ordinary dierential equations:
d2xi
dt2
+ 2Gi
(
x,
dx
dt
)
= 0.(29)
We refer to equations (29) as to the geodesi equations of the semispray S, given
by formula (27).
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4.2. Jaobi elds and geodesi variations. Let c : I → M be a geodesi for a
semispray S onM . A geodesi variation of c is a smooth map V : I× (−ε, ε)→M ,
V = V (t, s) suh that
1) V (t, 0) = c(t), for all t in I,
2) V (t, s) is a geodesi for all s in (−ε, ε).
The variation vetor eld J(t) = ∂sV (t, s)|s=0 = (x
i(t), yi(t)) satises the following
system of seond order ordinary dierential equations:
d2yi
dt2
+ 2
∂Gi
∂yj
(
x,
dx
dt
)
dyj
dt
+ 2
∂Gi
∂xj
(
x,
dx
dt
)
yj = 0.(30)
We refer to equations (30) as to the Jaobi equations or the variational equations of
the system of geodesi equations (29). Geodesi variations and the orresponding
Jaobi equations (30) were onsidered by Kosambi in [23℄, Cartan in [9℄ and Chern
in [14℄ for arbitrary systems of seond order dierential equations.
Denition 4.3. A vetor eld J : I → TM , J(t) =
(
xi(t), yi(t)
)
, along a geodesi
c = pi0 ◦ J of a semispray S on M , is alled a Jaobi eld if it satises the Jaobi
equations (30).
Using the dynamial ovariant derivative indued by S, one an express the
geodesi equations (29) and the Jaobi equations (30) in an invariant way, [8, 25℄.
We will see also, from Theorem 4.4, that the system of geodesi equations and the
system of Jaobi equations for a semispray, together, form the geodesi equations
of the omplete lift of the semispray. Hene, the systems of equations (29) and (30)
do not depend on a partiular hoie of loal oordinates.
For a geodesi c of a semispray S on M , its tangent vetor c′(t) is a Jaobi eld
along c that is loally determined by geodesi variation V (t, s) = c(t+ s).
We dene the omplete lift, Sc, of a semispray S as the omplete lift of S as a
vetor eld, and the geodesi ow of semispray S as the ow of S as a vetor eld.
The domain D(S) of the geodesi ow of S is open in TM \{0}×R and the domain
D(Sc) of the geodesi ow of Sc is open in TTM \ {0} × R.
Theorem 4.4. Let S be a semispray on M .
i) The omplete lift Sc is a semispray on TM .
ii) A urve J : I → TM is a geodesi for the semispray Sc if and only if J is
a Jaobi eld along c = pi0 ◦ J .
iii) The domains of the geodesi ows of the two semisprays S and Sc are
related by the formula
(31) (Dpi0 × idR)D(S
c) = D(S).
iv) For any restrition of a Jaobi eld J to a ompat interval K, there is a
geodesi variation V : K × (−ε, ε) → M of c = pi0 ◦ J suh that J(t) =
∂sV (t, s)|s=0, for all t ∈ K.
Proof. i) Aording to Remark 3.5, formula (17) an be used also to lift vetor
elds dened on slashed tangent bundles. Therefore, for r = 1, we have that the
omplete lift of S is dened as follows:
Sc = Dκ2 ◦ κ3 ◦DS ◦ κ2.(32)
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If S is given in loal oordinates by formula (27), then using formula (18), its
omplete lift is given by
Sc =
(
xi, yi, X i, Y i, X i, Y i,−2(Gi)v,−2(Gi)c
)
= X i
∂
∂xi
+ Y i
∂
∂yi
− 2
(
Gi
)v ∂
∂X i
− 2
(
Gi
)c ∂
∂Y i
.(33)
It follows that κ3 ◦ S
c = Sc and hene Sc is a semispray on TM .
ii) A urve J : I → TM , J(t) = (xi(t), yi(t)) is a geodesi for Sc if and only if
d2xi
dt2
= −2
(
Gi
)v (
x, y,
dx
dt
,
dy
dt
)
;(34)
d2yi
dt2
= −2
(
Gi
)c(
x, y,
dx
dt
,
dy
dt
)
.(35)
By formulae (6) and (7) equations (34) and (35) are equivalent to geodesi equations
(29) and Jaobi equations (30), respetively and ii) follows.
iii) Using similar arguments as we used in the proof of Theorem 3.6, it follows
that the solution J of the Jaobi equations (30) with initial ondition J ′(0) =
ξ ∈ TTM \ {0} and the solution c of the geodesi equations (29) with the initial
ondition c′(0) = Dpi0(ξ) ∈ TM \ {0} are dened over the same open interval
I(ξ) = I(Dpi0(ξ)) ⊂ R. Therefore we obtain that the domains of the ows for the
two semisprays S and Sc are related by the formula (31).
iv) Consider J : K → TM a Jaobi eld and let c : K → M , c = pi0 ◦ J be
the underlying geodesi, where K ⊂ I is a ompat interval and I is the maximal
domain for J . Denote ξ = J ′(0) ∈ TTM \ {0}.
Let φ be the geodesi ow of semispray S. If φDpi0(ξ) : K → TM is the integral
urve of S with φDpi0(ξ)(0) = Dpi0(ξ) then pi0 ◦ φDpi0(ξ) = c. Sine J
′
is an integral
urve of Sc then, using a similar argument as we used in the proof of Theorem 3.6,
we have that
J ′(t) = κ2 ◦Dφt ◦ κ2(ξ), ∀t ∈ I.
Sine D(S) is open in TM \{0}×R and ξ ∈ TTM \{0} is xed, for (Dpi0(ξ), t) ∈
D(S) there exists Ut ⊂ TM \ {0} an open neighborhood of Dpi0(ξ) and It ⊂
R an open interval that ontains t suh that Ut × It ⊂ D(S). For the vetor
κ2(ξ) ∈ TDpi0(ξ)Ut, there exists a dierentiable urve w : (−εt, εt) → Ut suh that
w(0) = Dpi0(ξ) and κ2(ξ) = ∂sw(0).
Sine K is ompat, from the open overing {It, t ∈ K}, one an hoose a
nite overing {Itj , j ∈ {1, ..., N}} of it. Dene ε := min{εtj , j ∈ {1, ..., N}} and
U := ∩Nj=1Utj . It follows that φ (w(s), t) is well dened for all (t, s) ∈ K × (−ε, ε).
Consider the geodesi variation V : K × (−ε, ε)→ TM \ {0}, given by
(36) V (t, s) = pi0 ◦ φ (w(s), t) .
We have that V (t, 0) = pi0 ◦ φ (Dpi0(ξ), t) = c(t). Moreover, sine J(t) = pi1 ◦ J
′(t)
is a geodesi of Sc, we have
J(t) = pi1 ◦ κ2 ◦Dφt ◦ ∂sw(s)|s=0
= Dpi0 ◦Dφt ◦ ∂sw(s)|s=0
= Dpi0 ◦ ∂sφ(w(s), t)|s=0
= ∂s (pi0 ◦ φ(w(s), t)) |s=0
= ∂sV (t, s)|s=0.
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Hene, J(t) is the variation vetor eld of the geodesi variation V (t, s) given by
formula (36). 
4.3. Disussion of results. We disuss now the results of Theorem 4.4 in various
ontexts: Riemannian, Finslerian, ane, and Lagrangian.
Last part of the Theorem 4.4 is usually proved in the Riemannian ontext,
[11, 35℄, and the proof is based on the exponential map. In the Finslerian on-
text, the result is disussed in the book [5℄. Sine for a semispray we do not require
any homogeneity ondition, their geodesis do not inherit a homogeneity ondition
that will allow us to dene the exponential map. Therefore the standard proof of
Theorem 4.4 iv) in Riemann-Finsler ontext does not generalize diretly to semis-
prays. Instead, the above proof relies on the geodesi ow of Sc, that is by studying
integral urves of Sc in the seond order iterated tangent bundle TTM .
Consider g a semi-Riemannian metri onM and denote by Sg the geodesi spray
indued by g, whih is a semispray on M . Consider gc, the omplete lift of g, given
by formula (12). Let Sgc be the geodesi spray of the semi-Riemannian metri g
c
,
whih is a semispray on TM . Then, it follows that
(37) (Sg)
c
= Sgc ,
and therefore the omplete lift for a semispray disussed in Theorem 4.4 ontains as
a speial ase, the omplete lift for a semi-Riemannian metri introdued by Yano
and Kobayashi in [39℄.
Consider an ane spray S∇, whose funtion oeients areG
i(x, y) = γijk(x)y
jyk,
where γijk(x) are the oeients of an ane onnetion ∇ on M . Consider ∇
c
, the
omplete lift of the ane onnetion ∇, dened by ∇cXcY
c = (∇XY )
c
, [39℄. Let
S∇c be the ane spray indued by the ane onnetion ∇
c
. Then, it an be shown
that
(38) (S∇)
c
= S∇c ,
and therefore the omplete lift for a semispray disussed in Theorem 4.4 ontains
as a speial ase, the omplete lift for an ane onnetion introdued by Yano and
Kobayashi in [39℄. Moreover, (S∇)
c
oinides with Dκ2 ◦ S
T
∇ ◦ κ2 onsidered by
Lewis in [26℄. Lewis also has shown that the geodesis of the omplete lift for an
ane spray are Jaobi elds for the given spray.
Consider a regular Lagrangian L on TM , and let SL be the orresponding Euler-
Lagrange vetor eld, whih is a semispray on M . Consider the omplete lift
Lc, given by equation (9), whih is a regular Lagrangian on TTM and SLc the
orresponding Euler-Lagrange vetor eld, whih is a semispray on TM . Then, it
an be shown that
(39) (SL)
c = SLc ,
and therefore the omplete lift for a semispray disussed in Theorem 4.4 ontains
as a speial ase, the omplete lift for a Lagrange funtion disussed in Setion 3.2.
Formula (39) shows that the Euler-Lagrange equations of Lc onsist of the Euler-
Lagrange equations of the Lagrangian L and their Jaobi equations. This result
agrees with the results obtained by Casiaro and Franaviglia in [13℄, Delgado et
al. in [17℄, and Núñez-Yépez and Salas-Brito in [30℄.
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5. Sprays and their omplete lifts
In this setion we prove that the omplete lift studied in the previous setions pre-
serves Liouville vetor elds, homogeneous funtions and vetor elds and sprays.
Two sprays are projetively related if they have the same geodesis up to orientation
preserving reparameterizations. The main result of this setion is Theorem 5.6. It
shows that geometri properties for ane, semi-Riemannian or Finsler sprays an
be determined from studying the orresponding projetive properties of the om-
plete lift. The projetive geometry of sprays was initiated by Douglas in [18℄. For
a modern presentation of projetive onnetion we refer to [16℄, for projetively
related sprays see Szilasi [37℄, and for the Finslerian ase see Shen [36℄.
5.1. Sprays. The notion of spray, in the ane ontext, was introdued and studied
by Ambrose et al. in [2℄. A general spray, whih does not redue to an ane spray,
has to be dened on the slashed tangent bundle, T rM \ {0}.
The homogeneity of various objets on tangent bundles an be haraterized,
using Euler's theorem, in terms of the Liouville vetor eld.
For r ≥ 1, the Liouville vetor eld Cr ∈ X(T
rM) is dened as follows:
Cr(ξ) = ∂s (ξ + sξ)|s=0 , ξ ∈ T
rM.
From its denition we an see that the Liouville vetor eld Cr is a globally dened
vetor eld. In loal oordinates we obtain the following formulae for the Liouville
vetor elds C1 and C2.
C1 = (x, y, 0, y) = y
i ∂
∂yi
,(40)
C2 = (x, y,X, Y, 0, 0, X, Y ) = X
i ∂
∂X i
+ Y i
∂
∂Y i
.(41)
Using the denition of the omplete lift we nd that the Liouville vetor elds are
preserved by the omplete lifts, whih means that
C
c
r = Cr+1, r ≥ 1.(42)
Denition 5.1. For r ≥ 1 and a non-negative integer s, we say that a funtion
f : T rM \ {0} → R is positively s-homogeneous if for all ξ ∈ T rM \ {0},
f(λξ) = λsf(ξ), λ > 0.
Throughout the paper, homogeneity refers to positive homogeneity only. For
r ≥ 1, Euler's theorem for homogeneous funtions implies that a funtion f ∈
C∞(T rM \ {0}) is s-homogeneous if and only if Cr(f) = sf .
The homogeneity an be extended to other objets that live on T rM \{0}, see [8,
Setion 1.5℄ for r = 1. For r ≥ 1, a vetor eld A ∈ X(T rM \{0}) is s-homogeneous
if [Cr, A] = (s− 1)A. For example, the Liouville vetor eld Cr is 1-homogeneous.
Next proposition will show that the omplete and vertial lifts preserve the ho-
mogeneity for funtions and vetor elds.
Proposition 5.2. Let r ≥ 1.
i) If funtion f ∈ C∞(T rM \ {0}) is s-homogeneous, then its vertial and
omplete lifts fv, f c ∈ C∞(T r+1M \ {0}) are s-homogeneous funtions.
ii) If vetor eld A ∈ X(T rM \ {0}) is s-homogeneous, then its vertial and
omplete lifts Av, Ac ∈ X(T r+1M \ {0}) are s-homogeneous vetor elds.
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Proof. If f : T rM \ {0} −→ R is s-homogeneous, then equations (42) and (22)
imply that Cr+1(f
c) = Ccr(f
c) = (Cr(f))
c
= sf c and f c is s-homogeneous. The
other laims follow similarly. 
Denition 5.3. For r ≥ 1, a semispray S on T r−1M is a spray on T r−1M if it is
2-homogeneous, whih means that [Cr, S] = S.
For r = 1, a spray S on M is given by formula (27), where the spray oeients
Gi(x, y) are 2-homogeneous funtions on TM \ {0}. In this ase, Denition 5.3 is
equivalent to the usual denition of a spray, studied in various ontexts, [2, 5, 8,
36, 37℄.
If for a spray S on M , its domain is the whole TM , instead of TM \ {0},
then the homogeneity ondition implies that the funtions Gi(x, y) are quadrati
in y. It follows that there exist funtions γijk(x) on the base manifold M suh
that 2Gi(x, y) = γijk(x)y
jyk. Funtions γijk(x) are loal oeients of an ane
onnetion ∇ on the base manifold and the spray is said to be an ane spray, [2℄.
Now, we show that the omplete lift preserves sprays.
Proposition 5.4. If S is a spray on M , then its omplete lift Sc is a spray on
TM .
Proof. It follows by Theorem 4.4 i) and Proposition 5.2 ii). 
Sine vertial and omplete lifts preserve homogeneity, it follows that for a spray
S on M , with spray oeients Gi, the spray oeients
(
Gi
)v
,
(
Gi
)c
, of the
omplete lift Sc are 2-homogeneous funtions with respet to the ber oordinates
X i, Y i. One an use the homogeneity onditions to show that tc′(t) is also a Jaobi
eld, and loally it is determined by the geodesi variation V2(t, s) = c(t+ ts).
Let us point out that the omplete lift in Denition 3.4 is losely related to other
lifts. In [26℄, Lewis dened the tangent lift of an ane spray S on M as the vetor
eld ST = κ3 ◦DS. This denition also oinides with the anonial lift of a vetor
eld onsidered by Fisher and Laquer in [19℄. In [28℄, Mihor proved that if S is
a spray, then integral urves of ST projet onto Jaobi elds of S. Here, ST is a
vetor eld, but it is not a spray. However, Lewis in [26℄, notied that replaing
ST with Dκ2 ◦ S
T ◦ κ2 one obtains a spray, provided that S is an (ane) spray.
This modied lift oinides with Sc in Denition 3.4. Integral urves of vetor eld
ST and spray Sc are losely related. A urve γ : I → TTM is an integral urve of
ST = κ3 ◦DS if and only if κ2 ◦ γ is an integral urve of S
c
.
5.2. Projetively related sprays.
Denition 5.5. For r ≥ 1, two sprays S1 and S2 on T
r−1M are said to be proje-
tively related if their geodesis oinide up to orientation preserving reparameteri-
zations.
For r = 1, Denition 5.5 redues to the usual denition of projetively related
sprays on M , [36, 37℄. Projetively related sprays have the same geodesis as point
sets. For symmetri sprays, the onverse is also true, see [16℄.
For r ≥ 1, two sprays S1 and S2 on T
r−1M are projetively related if and only
if there exists a 1-homogeneous funtion P : T rM \ {0} −→ R suh that
(43) S1 = S2 + 2PCr.
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This haraterization an be expressed in terms of the spray oeients as follows:
two sprays S1 and S2 on T
r−1M , with spray oeients Gi1 and G
i
2, are projetively
related if and only if Gi2(x, y) = G
i
1(x, y)+P (x, y)y
i
. For r = 1 this haraterization
of projetively related sprays is disussed in [36℄.
Next theorem states that projetive geometry of the omplete lift of a spray
uniquely determines the spray.
Theorem 5.6. If S1 and S2 are sprays on M then the following statements are
equivalent:
i) S1 and S2 oinide, whih means that S1 and S2 have the same geodesis
as parameterized urves;
ii) Sc1 and S
c
2 are projetively related, whih means that S1 and S2 have the
same Jaobi elds up to orientation preserving reparameterizations.
Proof. Consider that Sc1 and S
c
2 are projetively related. These two sprays are
vetor elds on TTM \ {0} and their spray oeients, aording to formula (33),
are
(
Gi1
)v
,
(
Gi1
)c
and
(
Gi2
)v
,
(
Gi2
)c
, respetively. Aording to formula (43), it
follows that there is a 1-homogeneous funtion Q : TTM \ {0} −→ R suh that(
Gi2
)v
(x, y,X, Y ) =
(
Gi1
)v
(x, y,X, Y ) +Q(x, y,X, Y )X i,(44) (
Gi2
)c
(x, y,X, Y ) =
(
Gi1
)c
(x, y,X, Y ) +Q(x, y,X, Y )Y i.(45)
Now, equation (44) implies that Q(x, y,X, Y ) depends only on (x,X). Hene Q
does not depend on variables y and Y and therefore P = Q◦C1 ∈ C
∞ (TM \ {0}) is
a 1-homogeneous funtion suh that Q = P v. Now equation (44) implies Gi2(x, y) =
Gi1(x, y)+P (x, y)y
i
, and equation (45) implies that (Pyi)c = P vY i. Equation (19)
and (yi)c = Y i implies that P c = 0. Therefore P is loally onstant on TM \ {0},
and by 1-homogeneity P = 0. 
5.3. Disussion of results. We disuss now the results of Theorem 5.6 in two
ontexts: ane and Finslerian.
In the book [38℄, Yano and Ishihara pointed out that the omplete lift does not
preserve the projetive lass of ane onnetions. If we apply Theorem 5.6 to the
ase of ane sprays, we obtain the following result. Two ane onnetions on a
manifoldM oinide if and only if they have the same Jaobi elds up to orientation
preserving reparameterizations.
Let F1 and F2 be two Finsler funtions, whih means that their Lagrangian
funtions L1 = F
2
1 and L2 = F
2
2 are 2-homogeneous regular Lagrangians that are
smooth only on TM \ {0}, [8, 36℄. Let S1 and S2 be the orresponding geodesi
sprays of the two Finsler funtions. Aording to Theorem 5.6, we have that S1 = S2
if and only if the two Finsler funtions have the same Jaobi elds up to orientation
preserving reparameterizations, whih is equivalent to the fat that Lc1 and L
c
2 are
projetively related.
6. Lie symmetries and onstants of motion for Jaobi equations
We have seen that the system of Jaobi equations (30) an be derived from the
system of geodesi equations (29) using the omplete lift. In this setion we study
how Lie symmetries and onstant of motions for a system of SODE an be lifted
to Lie symmetries and onstant of motions for the orresponding system of Jaobi
equations.
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Denition 6.1. Consider a semispray S on T r−1M for some r ≥ 1.
i) A funtion f ∈ C∞(T rM) is a onstant of motion for S if S(f) = 0.
ii) A vetor eld A ∈ X(T r−1M) is a Lie symmetry for S if [S,Ac] = 0.
For r = 1, we refer to [15, 24℄ for onstants of motions and Lie symmetries for
geodesi sprays and Euler-Lagrange vetor elds and to [8℄ for onstants of motions
and Lie symmetries for semisprays.
Proposition 6.2. Consider a semispray S on M .
i) If f ∈ C∞(TM) is a onstant of motion for the semispray S, then its
vertial and omplete lifts fv, f c ∈ C∞(TTM) are onstants of motion for
the semispray Sc.
ii) If A ∈ X(M) is a Lie symmetry for the semispray S, then its vertial and
omplete lifts Av, Ac ∈ X(TM) are Lie symmetries for the semispray Sc.
iii) Let ψ be the ow of a Lie symmetry A ∈ X(M). Then its omplete lift ψc
preserves the Jaobi elds of S.
Proof. Using properties (22), for r = 1, we have that Sc(f c) = (S(f))c and
Sc(fv) = (S(f))
v
. Hene, if S(f) = 0 then Sc(f c) = 0 and Sc(fv) = 0. Simi-
larly, using properties (20), for r = 1, we have that [S,A] = 0 implies [Sc, Ac] = 0
and [Sc, Av] = 0.
For the last part, onsider a Lie symmetry A ∈ X(M) of a semispray S on M ,
whih means that [S,Ac] = 0. Let φt the geodesi ow and ψs the ow of the vetor
eld A. Then A is a Lie symmetry if and only if φt ◦ψs = ψs ◦φt, whih means that
the ow of A preserves the solution urves of the system of geodesi equations (29),
[24℄. Using either Proposition 6.2 ii) or Theorem 3.6 it follows that the omplete
lift ψc, whih is the ow of Ac, preserves the Jaobi elds of the given system of
SODE. 
Although the proof of Proposition 6.2 is very simple, it generalizes results in
various ontexts: Lagrangian, Finslerian or semi-Riemannian.
Proposition 6.2 provides onstants of motion and Lie symmetries for the system
of Jaobi equations (30) when we know suh onstants of motions and Lie symme-
tries for the system of geodesi equations (29). This aspet has been studied by
Case in [10℄ and by Giahetta et al. in [20℄ for Hamiltonian systems.
Consider S the Euler-Lagrange vetor eld of a regular Lagrangian L : TM → R,
whih is a semispray onM . Then, the energy funtion EL = C1(L)−L is a onstant
of motion for the semispray S. From Proposition 6.2 i) it follows that
(EL)
c = ELc and (EL)
v
(46)
are onstants of motion for the system of Jaobi equations (30). In equation (46),
ELc = C2(L
c)− Lc is the energy of the lifted Lagrangian Lc introdued in Setion
3.2. This aspet has been studied by Arizmendi et al. in [3℄ and by Núñez-Yépez
and Salas-Brito in [30℄.
For the ase of a Finsler spae, the homogeneity of the Finsler funtion F implies
that its energy is EF 2 = F
2
. Therefore,
∂F 2
∂xi
(
x,
dx
dt
)
yi +
∂F 2
∂yi
(
x,
dx
dt
)
dyi
dt
and F 2
(
x,
dx
dt
)
(47)
are onstants along the Jaobi eld J(t) =
(
xi(t), yi(t)
)
of the Finsler spae.
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The fat that expressions (46) and (47) are onstants along the Jaobi elds
generalizes known results from Riemannian geometry, see [11, 35℄. For a semi-
Riemannian metri g onsider the Lagrangian L(x, y) = gij(x)y
iyj . Aordingly,
from expressions (47) we obtain that
g
(
∇y,
dx
dt
)
and L
(
x,
dx
dt
)
(48)
are onstants along the Jaobi eld J(t) = (xi(t), yi(t)) of the semi-Riemannian
metri g. In expression (48), ∇y denotes the ovariant derivative of y with respet
to the Levi-Civita onnetion of the semi-Riemannian metri g.
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